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Abstract: Flow-like landslides are one type of the most catastrophic natural hazards that often cause 

significant loss of life and property. Numerical modelling has become a powerful tool to facilitate better 

risk management of this type of natural hazards. In the past decades, a number of models have been 

developed to simulate flow-like landslides. Among them, the depth-integrated models based on 

continuum theory have gained wide-spreading popularity. However, these models are generally 

developed either on the locally curved coordinate system that prevents the direct use of geographic 

information system (GIS) data or by not taking into full account of the vertical acceleration on steep 

slopes that may lead to loss of accuracy. These limitations hinder the wider application of these models 

in simulating field-scale landslides with complex topography. This paper presents a new depth-

integrated model for more robust simulation of flow-like landslides. The model is developed on a fixed 

global Cartesian coordinate system to enable the direct use of the widely available GIS data. To gain 

more favourable accuracy, the new model also takes into account the effect of the vertical acceleration. 

The improved performance of this new model is validated against an experimental test case. 
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1 Introduction 

 

Flow-like landslides are one type of the most 

catastrophic natural hazards that often lead to 

significant loss of life and property (Jakob et al 

2005). Typically initiated on steep slopes, flow-

like landslides may travel at high velocity for a 

long distance. Prediction of the run-out distance 

and velocity of such an event is essential to 

facilitate risk assessment and enable the design of 

appropriate protection measures to mitigate the 

possible human and economic losses. 

Current approaches to predicting the run-out 

distance and velocity of flow-like landslides may 

be generally classified into two categories: 

empirical-statistic methods and dynamical 

methods. The empirical-statistic approaches are 

commonly easy to implement and use, but their 

applications are typically limited and should only 

be applied to the cases with predominating 

conditions similar to those based on which they 

are developed. Dynamic models are developed 

based on the physical laws of mass and 

momentum conservation and therefore can be 

used to more reliably represent the physics of 

landslides. They can be further categorised into 

lumped mass models and continuum mechanics 

based models. For example, the lumped mass 

model developed by Hutchinson (1986) idealised 

the flow mass into a single slab for simplicity, 

which is not able to simulate internal deformation 

and the movement of flow front.  
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Compared with the lumped mass models, the 

continuum mechanics based models are much 

more versatile for different applications. Savage 

and Hutter (1989) firstly developed a model for 

granular avalanches on rough inclining slopes. In 

their model, the internal stress and the resistant 

force between flow mass and bed are derived 

according to the Mohr-Columb assumption, i.e. 

the shear stress is only dependent on the normal 

stress; the resulting governing equations are 

depth-averaged along the vertical axis. In the 

model developed later by Hungr (1995), 

alternatives to the Mohr-Columb assumption 

were adopted to represent the resistant force 

between the flow mass and the channel bed while 

the form of internal force remained the same as 

that used by Savage and Hutter (1989). In this 

model, the flow mass was divided into a finite 

number of columns and the relative motion 

between these columns was controlled by the 

interacting forces. However, the effect of pore 

water pressure is not fully taken into account in 

these models.  

To better simulate the effect of pore water 

pressure, Iverson (1997) adapted the Savage-

Hutter model (1989) to consider the pore water 

pressure as a constant during a simulation, which 

was originally developed for one-dimensional 

problems. Later, Iverson and Denlinger (2001) 

introduced a two-dimensional and fully coupled 

model for mass movement. In their model, a 

formula based on the Biot consolidation theory 

was used to allow an ad-hoc estimation of the 

rapidly varying pore water pressure during 

landslide simulations. The model solved the 

depth-integrated governing equations using a 

finite volume scheme incorporating with an 

approximate Riemann solver to ensure shock-

capturing capability. Lagrangian models have 

also been reported for landslide simulations in the 

last two decades, which include, for example, the 

Lagrangian finite element model introduced by 

Chen and Lee (2000) and the smoothed particle 

hydrodynamics (SPH) models by Pastor et al 

(2009) and McDougall and Hungr (2004). All of 

the aforementioned continuum mechanics based 

models adopt the Savege-Hutter formulation 

(Savage and Hutter 1989) to calculate the internal 

stress, assuming that the direction of principal 

stress can be prescribed. This assumption restricts 

the flexibility of these models in applications. In 

order to overcome this, Denlinger and Iverson 

(2004) introduced a finite element model in 

which the internal stress was locally calculated, 

removing the necessity of prescribing the 

direction of principal stress.   

The above physically based flow-like 

landslide models are usually based on depth-

integrated governing equations obtained through 

integrating the full mathematical model along the 

vertical axis, considering the fact that flow-like 

landslides are typically featured with vertical 

scale much smaller than the horizontal extent. 

This is similar to deriving the shallow water 

equations from the Navier-Stokes equations and 

is a common practice in computational fluid 

dynamics to optimise the solution accuracy and 

computational efficiency. However, because the 

bed slopes on which landslides occur are usually 

steep, the vertical movement of the flow mass 

cannot be neglected and hence the hydrostatic 

assumption may no longer be valid when deriving 

the governing equations through depth-

integration. Aiming to resolve this issue, 

researchers (Savage and Hutter 1989, Hungr 1995, 

Denlinger and Iverson 2001) developed their 

models using a curved coordinate system with the 

x-o-y plane attached to the earth surface, ensuring 

that the z axis was always perpendicular to the 

Earth’s surface. However, when applying the 

depth-averaged models for field-scale simulations, 

the earth surface elevation, usually described by a 

Digital Elevation Model (DEM), is needed to 

quantify the gravity driving force. However, the 

DEM datasets are typically stored on a raster-

based format (or a fixed Cartesian coordinate 

system); a landslide model based on a curved 

coordinate system cannot be directly integrated 

with geographic information system (GIS) tools 

to process the DEM datasets; complex coordinate 

transformation between the Cartesian coordinate 

system and curvilinear coordinate system is 

therefore mandatory, inevitably leading to 

smoothened topographic features and loss of 

accuracy. 

In this work, a new model based on the 

Savage-Hutter formulation is developed on a 

fixed Cartesian coordinate system, with the 
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vertical axis defined along the direction of gravity, 

to enable direct use of GIS datasets. Meanwhile, 

in order not to compromise the solution accuracy, 

a modified formula depending on bed slope is 

derived for gravity acceleration to incorporate the 

effect of vertical movement into the internal 

stress and resistant force. 

 

2 Mathematical Model 

 

The formulation introduced in this section is 

based on a fixed right-hand Cartesian coordinate 

system with the vertical axis parallel to the 

direction of gravity, as shown in Fig.1. 

 

 
 

Fig. 1 The coordinate system. 

 

In this work, the flow mass is treated as a 

single phase, assuming a constant density. The 

full mathematical governing equations can be 

derived from the mass and momentum 

conservation laws: 
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where v is the velocity of the flow mass, ρ is the 

density, T is the internal forces and g is the body 

force. For landslides, the horizontal extent is 

usually much larger than the vertical scale, a 

depth-integrated formulation can be subsequently 

derived through integrating Eq. (1) and (2) along 

the vertical axis, similar to deriving the depth-

averaged shallow water equations (Vreugdenhil 

1994). For one-dimensional problems, the final 

depth-averaged governing equations are given as: 
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where h is the flow depth, xv is the depth-

averaged velocity, Txx
, Tzx

 and Tzz
 are the 

stresses with the subscript ‘bed’ denoting the 

stresses acting on the bed, and g is the gravity 

acceleration. Because flow-like landslides usually 

occur on steep slopes, the effect of vertical 

acceleration on the stress term in (5) must be 

considered and a total vertical acceleration can be 

defined as: 

dt

vd
gg z+='

         (6) 

As suggested by other researchers (e.g. 

Denlinger and Iverson 2001), the stresses in (4) 

are proportional to the vertical normal stress: 
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As seen from (7) - (9), the vertical 

acceleration may have significant effects on the 

internal stresses in (4). However, the total vertical 

acceleration g '  is not straightforward to be 

determined. Therefore, an approximate approach 

is proposed based on the stresses acting on the bed. 

From Cauchy’s theorem, bedzxbedxx TxzT −∂∂  is 

equivalent to Tnx/cosα while Tnx may be further 

represented by σn and τn, i.e. Tnx = σn sinα + τn cosα, 

as shown in Fig. 2. Similarly, bedxzbedzz TT + can 

be evaluated by Tnz/cosα, where Tnz = σn cosα + τn 

sinα. In order to evaluate bedzzT , an 

approximation is made so that ατ sinnbedxzT = . 
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The resulting formula for bedzxbedxx TxzT −∂∂  

and Txx
 are: 

nnbedzxbedxx T
x

z
T ταασ +=−

∂
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cos/sin   (10) 

nbedzz kkTT σ
2

1

2

1
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Fig. 2 The stresses on a triangular element 

 

It is straightforward to obtain σn and τn if a 

uniform layer assumption is made, so that the 

depth of the flow mass is of a constant depth, i.e. 

dh/dx = 0, which can be justified in most of the 

field-scale flow-like landslides. Under this 

assumption, σn and τn are given as: 

αρσ 2cosghn =  (12) 

)sgn(tancos xbedn vgh ⋅= ϕαρτ 2          (13) 

where φbed is the friction angle of the bed, α is the 

slope angle, as illustrated in Fig. 3. 
 

 
Fig. 3 The uniform slab assumption. 

 

After substituting (10) - (13) into (4), the 

momentum equation becomes: 
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where z is the bed elevation that can be directly 

obtained from a DEM. α2cos  may be calculated 

by 
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The coefficient k may be quantified using the 

formula introduced by Savage and Hutter (1989), 

based on the Mohr-Columb assumption:  
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where – and + denote the active and passive 

stresses for diverging flows and converging flows, 

and φint and φbed are the friction angles of the flow 

mass material and bed material, respectively. 

In summary, the depth-averaged governing 

equations are now given by: 
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The effect of the vertical acceleration has now 

been taken into account in (17) - (20). Except for 

the bed friction and internal stress coefficient k, 

the only difference between the above governing 

equations for flow-like landslides and the shallow 

water equations is that the gravity acceleration g 

has been corrected by βg. Therefore, the 

numerical schemes developed for the shallow 

water equations can be directly applied to solve 

equations (17) - (20). 

 

3 Numerical Model 

 

In this paper, the governing equations (17) - (20) 

for flow-like landslides are solved using a finite 

volume Godunov-type scheme, with a Harten-

Lax-van Leer (HLL) approximate Riemann solver 

(Harten et al 1983) implemented to evaluate the 

fluxes across cell interfaces. After applying 

Green’s theorem on the integral form of (17), the 

finite volume discretised formula becomes: 
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where i denotes the cell index, ∆t and ∆x are the 

time step and cell size, respectively. According to 

the solution structure of the HLL approximate 

Riemann solver as shown in Fig. 4, the fluxes 

across a cell interface are calculated by 
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where fL = f(qL) and fR = f(qR) are calculated from 

the Riemann states qL and qR defining a local 

Riemann problem. The fluxes in the middle region 

f* are calculated from the HLL formula (Harten et 

al 1983): 
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and 

 

Fig. 4 The solution structure of the Harten-Lax-van Leer 

(HLL) approximate Riemann solver 
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in which ,*xv and *h  are calculated by 
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When calculating the Riemann fluxes k and β 

using the following formula, the averaged values 

of k = (kL + kR)/2 and β = (βL + βL)/2 are taken to 

maintain stability: 
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The source term is calculated by 
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4 Model Validation and Results 

 

In this section, the new depth-integrated model 

for flow-like landslides is validated by applying it 

to an experimental case reported in Hutter et al 

(1995). As shown in Fig. 5, 1730 cm3 of glass 

beads were placed at the end of a 10 cm wide 

chute behind a gate. The chute consisted of an 

inclined segment and a level segment. The 

sloping part had an angle of 40o and a length of 

144 cm. The friction angles of the flow mass and 

the bed material were 30o and 22o, respectively. 

After the gate was suddenly opened at t = 0, the 

glass beads rapidly flowed down the slope and 

deposited at the level segment of the chute. 

During the experiment, the dynamic flow process 

was recorded using a high-speed camera. The 

video files were post-processed to provide a 

series of front and rear positions of the moving 

mass.  

In the simulation, the friction of the side walls 

are also considered and calculated by 

bxw vkghf ϕβ tan)sgn(5.0 2−=     (32) 

fw is included in (31) as part of the source terms. 

Fig. 6 compares the front and rear positions of the 

flow mass recorded during the experiments and 

predicted by the current model. The numerical 

prediction agrees well with the experimental 

measurements; small discrepancy exists but it is 

normal for this type of simulations. This confirms 

the acceptable solution accuracy of the current 

model and implies its potential for further 

development and practical applications. 

 

 
 
Fig. 5 The experiment setup (Hutter et al 1995). 

 

 
Fig. 6 Predicted and measured front and rear positions of 

the moving mass. Experiment data obtained from Hutter et 

al (1995). 

 

5 Conclusions and Future Work 

 

In this work, a new depth-integrated model for 

flow-like landslides has been proposed. This 

model is derived on a fixed Cartesian coordinate 

system to facilitate direct use of GIS data in 

engineering applications. In order to take into 

account the effect of vertical acceleration for 

simulations on steep slopes, the gravity 

acceleration in the depth-integrated governing 

equations has been corrected by including a 

coefficient relevant to the slope angle. The 

resulting equations are solved using a finite 

volume Godunov-type scheme. The resulting 

model has been validated against an experimental 

test case with satisfactory results obtained.  

The current model provides a useful tool to 

predict the run-out distance and velocity of a 

flow-like landslide event and to assess possible 

risks. Currently developed for one-dimensional 

problems, the modelling framework may be 

easily extended to two-dimensional for field-scale 

applications involving more complex landslide 

dynamics over steep and rough domains in the 

future. 
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